Tests and model choice : asymptotics

J. Rousseau

CEREMADE, Université Paris-Dauphine & Oxford University (soon)

Greek Stochastics, Milos

1/ 50



Outline

Q Bayesian testing : the Bayes factor
@ Bayes factor
@ Consistency of the Bayes factor or of the model
selection :

© Non parametric tests
@ Parametric vs Nonparametric
@ Construction of nonparametric priors
@ A special case : Point null hypothesis
@ Parametric null hypothesis

e General conditions for consistency of B, in non iid case for
GOF types

e Nonparametric/Nonparametric case

Q Conclusion
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Outline

Q Bayesian testing : the Bayes factor
@ Bayes factor
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Bayes factor

» Model X :~ f(16),0 € ©®;0 ~TI
» Testing problem

Holee@o, H,:0 €0y, @0“@1:® (Orﬂ[@oﬂ@1]:0)

» 0-1 loss function Bayes estimate :
0" =1 iff TI[O1]X] > TT[Og|X]

l  Posterior odds ratio

[@0|X] J‘@ X|9 an( ) v 7'[[@0]
M©11X] ~ Jo, 1(XI0)dTT;(6) (&)

BF0/1 == m
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Model choice
» Multiple models gﬁj : f}"ej, 8,- S @j
» Hierarchical Prior
dr1(j,8;) = TI(j)dT1;(0;)
» Posterior

dTi(j, 6;1X) oc TT(/)dTT;(6;) fre, (XD, ATI(jIX) o< TT()) L) fi.0,(X)dT;(6;)

i

m;(X)
» 0-1 loss function Bayes estimate

8™ (X) = argmax{TT(9M[X) o x TI(OM),j € d}
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Outline

Q Bayesian testing : the Bayes factor

@ Consistency of the Bayes factor or of the model
selection :
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mo(X)

Consistency of the Bayes factor BFy1 = 775

The Bayes factor is said consistent IFF

BFy/4 — +oo, inprobawhen X ~fy € Hy
BFy/1 — 0, inprobawhen X ~fy e H;

As n goes to infinity you are bound to make the
correct decision
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Consistency of the model selection

» true model True parameter 0* € U;0;
m* = min{@,-;@* € @j}, @j < @j’ & @j C @j/

e.g. Mixtures, Variable selections, graph selection etc. . .

» Consistency 0™ is consistent iff
Py« (87 £9M*) = 0

Whether BF or model selection procedure : based on the
asymptotic behaviour of the marginal likelihoods m;(X)
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BIC approximation of the marginal likelihood

@ Bayes factor : marginal likelihood ratio : acts like a
penalized likelihood ratio
BIC approximation in finite dim & regular models
X=X"=(Xq,...Xpn)

N d
log m;(X") = Iogf(X”|9j)—§’Iogn+Op(1)

d; = dim(©;), ;= MLE under ©;.

— Different penalization if non regular or infinite dim
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How does BIC work ?

£n(6;91) = log f(X"|6; 01).

mi(X") = efn(@f’fmﬂj (M) 6O 9 g, B = mlein ©;
;

» Local asymptotic normality+ consistency

A

n(@ —0,)!1(6,)(6 — ;)

2

€n(8) — €(6)) = —
TT;(]|6 — 8] > elX™) = 0p(1)

(1+0p(1))

» positive, continuous and finite prior density

0< inf m(0) < sup m(0) < +oo
16—8)l|<e l0—8)ll<e
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Extension to irreqular models : a more general
approach

True parameter 0%, ®; C RY,

mi(X") = &%) J@. @) (0)de, 07 =KL - projtn onto ©;

» Deterministic approximation

Eo- (£a(07) — a(0))
n

00(0) — £s(0]) = —nH(0;,0), H(6],0) =

log m;(X") = ln(6]) +1logTT;(H(6;7,0) < 1/n)+o0p(logn)
——

model bias prior penalty
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Understanding the prior penalty TT;(H(67,6) < 1/n)

» Regular models

(0—67)'1(07)(0 — 67)
2

H(67.0) = (1+o(1) =

d.
T (H(87,0) < 1/n) ~ m(0])(C/n)%'% = —7 log n+ Op(1)
» Irregular models

(0 — 07)!1(07)(0 — 0)

H(07,0) # >

(1+0(1))

[We need to understand the geometry associated to H(ef, 0).]
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Example of mixture models : overspecified case

k k
flx) =) pigy(x), vjel, > p=1
j=1 j=1
» If true distribution
k*
for(X) = ) Pfgy:(x), K <k
j=1
[Then the model is non identifyable]
k=2and k* =1
fo(x) =p1gy, + (1 = P1)Gy,. (X)) =gy
Then fy = fy« IFF
pr=1 vi=y" or yi=v2=Y"

O* ={0: fy = fy«} £ {0*} even up to a permutation
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Understanding H(6;,0) in mixtures fo-(X) =
S K PGy (%), My = {h(X) = X1 pigy,(x).v; € T}

kK*<k & 0p=0% H(0*,0)?

» varies with the configuration t = (f;,-- -, fy+, t< 1)
t = (f,j < k* +1) is the partition of {1,--- , k}

§={Gllve—vil <€ J<KS tewr ={Gmin]oc—6f] > e)

Ont;p(j) =2 iy P, Gu="p/P)IfLEY

-
VHO%,0) =Y | arve—vjll +1pU) p,|+Z v - YiIIP

j=1 | teg teg P

+sz

L€ x4
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Tx(H(6*,8) < 1/n)

» prior
(P1.- - pk) ~Dlet, -+, ),y iigm
b If o< d/2
Tk (H(0*,08) < 1/n) & p~ (Kd+k —TH(k=kT)a)/2

[ (prior) sparsest configuration : emptying the extra states]
> If . > d/2

M (H(0%,0) < 1/n) ~ n~ (K kTt (k=kt)d/2)/2

[ (prior) sparsest configuration : merging the exira states]
Prior penalty D < dim(©)
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Impact on consistency

or o, b(XMm(0)d0
T o, (XM 1(0)d0

> If 0* € Ok 1\ Ok (Regular models)

log Mk (X") = £n(65) —€n(0%) + Op(log n) ~ —nKL(6*,0%) — —oo

» If 0% € O, C Ok, irregular model
D* =dim(O)+«, fa<d/2 & D*=dim(Ok)+d/2if x> d/2

Then

dim(©4) — D*

log BF k11 = — 5

log n+ op(logn) — +oo
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Nonparametric cases : At least one of the models is
NP

» Case1:
My:00 €O CRY, 9My:0; €0, diMO) =+o0
e.g. Goodness of fit tests ; testing for linearity in regression etc .
->- Case2:
Mo:0p € Og, My:01 €Oy, dim(Oq),dim(Op) = +o0

e.g. Testing for monotonicity, independence, two sample tests
etc. ..
» Case 3:

Me:0€0 cR% keX, card(K)large

e.g. regression models (variable selection)
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Outline

© Non parametric tests
@ Parametric vs Nonparametric
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Parametric vs NP

Xn = (X1’ cees Xn) ~ fen9
» Test problem : ©; c RY, dim(©4) =+

Ho: fg € Fo ={fg,0 €Op}), Hij:fy e Fy={ff.0 €Oy}
Examples :
@ Goodness of fit in iid cases : X; d f,

Fo =1{f,6 € Og}), F3 =3¢
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Parametric vs NP

Xn = (X1’ cees Xn) ~ fen9
» Test problem : ©; c RY, dim(©4) =+

Ho: f € Fo ={f§,0 € ©g}, H;:f§ € Fy ={f],0 € O4}
Examples :
@ Goodness of fit in iid cases : X; d f,
Fo=1{h,0 €Oy}, Fy=5¢.
@ Linear/partially linear
Yi = o+ Bw; + f(x;) + € e; ~ N(0, 02)

Hoif:O, H1f750
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Outline

© Non parametric tests

@ Construction of nonparametric priors
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Non parametric priors on 4

Hy:feFo={f0€O), H;:fecF, OCRY

» Parameter space F = Fy U Fy
» Non parametric prior t; on ¥ Prior on H;

@ Your favourite nonparametric prior e.g. Gaussian
processes, Levy processes, Mixtures
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Non parametric priors on 4

Hy:feFo={f0€O), H;:fecF, OCRY

» Parameter space F = Fy U Fy
» Non parametric prior t; on ¥ Prior on H;

@ Your favourite nonparametric prior e.g. Gaussian
processes, Levy processes, Mixtures

@ Check that TT{[Fy] = 0, e.g.

K
Fo = {N(1, 02), (u, 0) € RxRT}, Ty 1ZPjN(uj, ng), k> 1
=
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Non parametric priors on 4

Hy:feFo={f0€O), H;:fecF, OCRY

» Parameter space F = Fy U Fy
» Non parametric prior t; on ¥ Prior on H;

@ Your favourite nonparametric prior e.g. Gaussian
processes, Levy processes, Mixtures

@ Check that TT{[Fy] = 0, e.g.
k
Fo = {N(, 02), (1, 0) € RxRT}, Ty : ZPjN(uj, %), k>1
j=1

@ Should we care for more ?
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Outline

© Non parametric tests

@ A special case : Point null hypothesis
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Case of point null hypothesis (case of iid observations)

Ho:f:fo, H1:f7éfo

» Prioron 5, =3 —{fy}
@ Corresponds to a prior on &

TI(f) = pod(4,)+(1—po)TT4(f), Ty =probaond TIi({f}) =0
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Case of point null hypothesis (case of iid observations)

Ho:f:fo, H1:f7éfo
» Prioron 5, =3 —{fy}
@ Corresponds to a prior on &

TI(f) = pod(4,)+(1—po)TT4(f), Ty =probaond TIi({f}) =0

@ Dass & Lee :
e BFy 4 always consistent under f,.
o if dTT{(.|X") is consistent at f € F —{fy}, then the BFy 1 is
consistent under f.
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Remark on Dass & Lee

» Convergence under f;
Comes from Doob theorem because TT[{f}] = pg > 0

TT(f) = pod(z,) + (1 — po)TT4 (f)

» Harder to detect H, than H; :
fo € F, — can be approximated under F;

| typically

Hy:BFyy Se ™ Hy:BFyy S
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On posterior concentration

» Posterior concentration ¢, = o(1) Prove that
Eo- [TT(d(6,0™) > Men|Y™)] = 0(1), €n(6) =logfy(Y")

» Conditions
Q

7 | KLn(0%,0) < ne2, Vp(0%,0) < kne| > e "ceh

~

KLn(e*,e) = Ee*(en(e*)—en(e))’ Vn(e*,e) = Ve*(en(e*)—en(e))
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On posterior concentration

» Posterior concentration ¢, = o(1) Prove that
Eo- [TT(d(6,0™) > Men|Y™)] = 0(1), €n(6) =logfy(Y")

» Conditions
Q

7 | KLy(0%,0) < ne2, Vo(0*,0) < kne?| > e "ok

~

KLn(e*,e) = Ee*(en(e*)—en(e))’ Vn(e*,e) = Ve*(en(e*)—en(e))

Q 30, C © : 1(08) < e~ "(ct2)eh and
d)n S [07 1]

Eo- (dn) = 0(1), sup Eo(1— dp) < e Met2)eh
d(6+,8)>Men,0€0,
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Proof

B an eln(0)—t(0%) g () N,

T (d(0,0*%) > enlY") = . @ T gr(0) =D,

Eo- [TT(d(6,6%) > €nlY")] = Ep- X Nn + Ep- X No
Dn Dn

< Eo- [0,] + Por [ Dy < 7 (er3/2)h) 1 gnle+2/2 . (N(1— )

= Eg [))] + Py [D,, < e—"<c+3/2)ﬂ + e”<c+3/2J€%J Es(1 — ¢p)dm(e

B

— o(1) + Py {Dn < e—n(c+2)e,%} I gnl(ct3/2)e5 (e—n(c+2)e,27 _i_]—[(@g))

= 0(1) + Py [Dy < & 42|

26/ 50



Control of Py- {Dn = ErilErie } KL condition

-, :J efn(@)*fn(e*)dﬂ(e) >J efn(9)4n(9*Jd7T(9)
(C] n

>J Tty (0)-ty(0)>-3/2n3€ "1 de(©)
> & 2MEn(5 1 (L0) — 4(0%) > ~3/202)
&7%/20% (m(Sn) = (Sn 1{n(0) — a(07) < ~3/2n¢3) )
and
Po- (7(Sn N {£n(0) — £a(0%) < —8/2n¢3)) > n(Sn)/2)

n(zsn) JS P (e (8) — 6,(6") < 3/2ne) m(0) <

KL condition: <5
ne

n

1
ne;
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What are these tests ?

» The tests ¢, depend on the metric d(6,0’)

@ » Case of iid data with weak topology
Tests always exist
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What are these tests ?

» The tests ¢, depend on the metric d(6,0’)

@ » Case of iid data with weak topology

Tests always exist
@ » Ly metric: d(f,f") = [|f(x) — f'(x)ldx

bn=maxdny, bnf = ]Iz, 1y caiip)—Pry (Alfesfo) )1>n8 | fo—To 4

with
Alfy, o) ={y; hily) > fo(y)}

[existence of tests «+» Bound on the Ly covering number N(.) < e”Ce%]
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; . _ mo(Y")
Summary of the first day : BFy/1 = ovm

» Parametric

D:
fj logn  +op(logn)
(i

Iognj(d(af‘,e)gvn)

log m;(Y") = €x(6]) —

@ Regular model D; = dim(©;)
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; . _ mo(Y")
Summary of the first day : BFy/1 = ovm

» Parametric

D:
f] logn  +op(logn)
(i

Iognj(d(ej*f,e)gvn)

log m;(Y") = €x(6]) —

@ Regular model D; = dim(©;)
@ Irregular model D; = D;(6*) # dim(©))
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; . _ mo(Y")
Summary of the first day : BFy/1 = ovm

» Parametric

D.
f] logn  +op(logn)
\—v—/

Iognj(d(e;,e)@/n)

log m;(Y") = €n(6]) —

@ Regular model D; = dim(©;)
@ Irregular model D; = D;(0*) # dim(©;)
@ Important for convergence : if 0* € ©; C ©j, 1

Dj(6%) < Dj41(6")
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Summary 2 : towards nonparametric

» Posterior concentration rates

1) eln(®)—=tn(0%) g () N
(Bl Y") = " 0 (0)—0n(07) =5
Jo €' n(8") dm(0) D,

@ Lower bound on D, : Py.[D, > e~ "€a(c+3/2)] = 1 4+ o(1) If

T ({6; KLn(6",8) < ne3, Vn(6%,8) < ne?ﬁ) > g nceh
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Summary 2 : towards nonparametric

» Posterior concentration rates

1) eln(®)—=tn(0%) g () N
(Bl Y") = " 0 (0)—0n(07) =5
Jo €' n(9)dn(0) = Dy

@ Lower bound on Dy, : Py (D, > e~ "€a(c+3/2)] = 1 4 o(1) If
({e KLn(0%,0) < ne2, V,(0*,0) < ne%}) > g noeh
@ Upper bound of Nj, = [ e(®)=(07) dre(p)

Po- [N = o(e™A(¢+3/2)) — 1 1 o(1)
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Summary 2 : towards nonparametric

» Posterior concentration rates

5 IBn eﬂn(e)*en(e*)dﬂ(e) Nn

@ Lower bound on D, : Po:[D, > e "€7(c+3/2)] = 1 4 o(1) If
({e KLn(0%,0) < ne2, V,(0*,0) < ne%}) > g noeh
@ Upper bound of Nj, = [ e(®)=(07) dre(p)

Po- [N = o(e™A(¢+3/2)) — 1 1 o(1)

e Either Existence of tests ¢, : Hy: 0 =0*vs H; : 0 € B,
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Summary 2 : towards nonparametric

» Posterior concentration rates

5 IBn eﬂn(e)*en(e*)dﬂ(e) Nn

@ Lower bound on D, : Po:[D, > e "€7(c+3/2)] = 1 4 o(1) If
({e KLn(0%,0) < ne2, V,(0*,0) < ne%}) > g noeh
@ Upper bound of Nj, = [ e(®)=(07) dre(p)

Po- [N = o(e™A(¢+3/2)) — 1 1 o(1)

o Either Existence of tests Cbn :0=0*vs H;:0€ B,
o Orm(B,) = o(e n(c+3/2)en)
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Outline

© Non parametric tests

@ Parametric null hypothesis
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General result under non i.i.d observations : sufficient
conditions

» Context

e Under Mo : Y ~ ffly , 6 € ©g C R?

e Under 94 : Y ~ fl , 64 € ©4 (infinite dim)

dn(.,.) (semi) metric on the distributions (e.g. total variation, KL,
etc. )

n

lim inf 9o|2£)o dn(fie,,f0,6,) = d(01,9Mp)

Ilmnmf e1|2é1 dn(foe,- fi0,) = d(0g,M4)

[ Typically 919 C 99%4]
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Conditions under 2ty (bigger model) : 6* = 64 —-
often easier

bound from above mgy(Y") and from below m;(Y")

m(Y") = | @it g )
9;
de*,Mgy) > 0 (separated case)
> If
Ve >0, Py [m1(Y”) < e—”ﬂ —o(1)

[Consistency under 2Mt4]

» If , Ve > 0, 3a > 0 and tests ¢, and Oy, C O S.1.

Eo- [bnl = 0(1),  sup Eg,[1—dpl <€, m(0F,) <e ™

906@0,,1

[Statistical separation between 0* and 2ig]

Then By, < €272, with proba going to 1 under Pe-
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Conditions under 2ty (smaller model) ; 0* € Mg C N4

Case : d(0*,91) =0, & Oy c R?
» (parametric) If 3ky >0

no/2m4 [(8 € Og : KL(fflg., 1) <1, V(g flle) <1} > C

for some positive constants C.
» (NP) fo- = foo« If Je, | O with
Ac,(07) ={0 € O1 : dn(fiL, f’g) < en} such that
1.
Pg. [ [AS (6%)Y]] = 0o(1)

Then By,4 — +o0 under Pp-
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Conditions under 2ty (smaller model) ; 0* € Mg C N4
Case : d(0*,91) =0, & Oy c R?
» (parametric) If 3ky >0
no/2m4 [(8 € Og : KL(fflg., 1) <1, V(g flle) <1} > C

for some positive constants C.
» (NP) fo- = foo« If Jep | O with
Ac,(07) ={0 € O1 : dn(fiL, f’g) < en} such that
1.
Pg. [ [AS (6%)Y]] = 0o(1)

/% [Ae,(6%)] = o(1).

Then By/4 — +o0 under Pp-
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Application to Partial linear regressions

i = o+ B'w; + f(x;) + €, i ~ N(0, 0?)
(wi,x))~G iid, Ew]=0, Eww!] >0
> Mo: (x, B, f,0)s.t

Hify=  inf  E[(a+ (B)'w—f(x)°] =0
(“’,ﬁ/)GRd+1

& Y=o+ Biwi+e
> My (o, B, f,0) st

H(f):=  inf E[(od+(f3’)fw—f(x))2}>o

(oc’,fﬂ)ERdﬂ
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» prior hierarchical (adaptive) Gaussian process prior on f

K
f=) wZkék (&) =BON
k=1

K~P, Z~N(0,1)
(o, B,0) ~m
hi(x) = Elw|X=x], w=(wq, -, wy)

» If Jjs.t. < h;, & ># 0then By,q is consistent under 9y like
ne
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Nonparametric/Nonparametric testing problem
Bo/1 = mo(Y)/mi(Y)

» Both 9ty and 9)i; are non parametric & 9ty C Ny
» Lower bound Not too hard but sharp ?

—_(c: 2 —neie?
mi(Y) > e\ TTE, i Bru (67, nef)) 2 e

~

» upper bound Harder
@ Tests control : ok — tools for it

J et (©—t(0) gy () < @~/
d(e*,e)>€n’j
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Nonparametric/Nonparametric testing problem
Bo/1 = mo(Y)/mi(Y)

» Both 9ty and 9)i; are non parametric & 9ty C Ny
» Lower bound Not too hard but sharp ?

—_(c: 2 —neie?
mi(Y) > e\ TTE, i Bru (67, nef)) 2 e

» upper bound Harder
@ Tests control : ok — tools for it

J et (©—t(0) gy () < @~/
d(e*,e)>€n’j

@ Control on [y . o)< €700 dm;(6) : damn it

<€n,j

Eo+ [Np] := Eg [jd(e*’e)@w_ et (®)—10(0") g (6)

Fubini C _oine?.
= m(d(0%,0) <epj) Se T
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Setups where this approach WOrks crosa, embert, vav a Rousseau, szavo
» Multiple models O, A € A (possibly continuous) Aim
A =argmax{mt(A|Y"),A € A} 7t(AlY™) oc (A)my(Y™)
» What is A* ? Two contexts
@ Almost finite case : A C N, ©, C ©,,1 and
dAps.t. 0F €@y, A" =min{\;0" € ©,}

[Sharp tools like BIC ]
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SetUpS Where thiS approaCh WOFkS Ghosal, Lembert, VdV & Rousseau, Szabo

» Multiple models O, A € A (possibly continuous) Aim
A =argmax{mt(A|Y"),A € A} 7t(AlY™) oc (A)my(Y™)

» What is A* ? Two contexts
@ Almost finite case : A C N, ©, C ©,,1 and

dAps.t. 0F €@y, A" =min{\;0" € ©,}

[Sharp tools like BIC ]
@ Boundary case 0* € CL(U,O,) but VA, 6* ¢ O,
Claim : A* = Oracle

A = mAin{e,m,?\ e A}

where

2
€nr tTA(A(07,0) < epp) < e M,
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Where does the oracle come from ?

foa(Y" .
my(Y") =j oAl Y a0 >j gh (=) gy (6)
o, for(Y™) d(0.0%)<enn

> e %", (d(6*, )

< e, (d(0%,0)

€n,)

NN

€n) + e_nc2 6%
Under stringent conditions

0\ Enr < Men?\*|Y ) —

[Only useful if A £ A* = epn >> €nn]
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NP priors 91y and 914

» Testing for monotonicity

y
Y=(y1,-,yn) ~ £, or yi=f(x)+e,

e Model 9, : f = decreasing
e Model M4 : f has no shape constraints.
» 1 rstidea

@ Prior on Mg : Mixtures of U(0, 0)

1
fely) = Jo yTgedP(e), P ~ DP(AG)

[Bad idea ]
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NP priors 91y and 914

» Testing for monotonicity

y
Y=(y1,-,yn) ~ £, or yi=f(x)+e,

e Model 9, : f = decreasing
e Model M4 : f has no shape constraints.
» 1 rstidea

@ Prior on Mg : Mixtures of U(0, 0)

1
fely) = Jo yTgedP(e), P ~ DP(AG)

@ Prior on smooth densities : e.g. Mixtures of Betas

(e.o]

fely) = L 9zz/e(y)dP(e), (z,P)~mz x DP(AG)

[Bad idea ]
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1rst solution

yi € 10,1]

HI\/]»

F(x) = fok —ka/ (1) /k /K
j=1

» Prior

kNPv (w1,"',(,Uk)"'7Tk, egD(‘X‘I?

» Posterior probabilities
Mol Y]l =n max( — wj_ 1)<0‘Y}

» Problem : if f € 9ty but has flat parts

, Ok )
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Result

» Question : ?? i[M| Y] =1 + 0p, (1) if f € M.
» Answers : Not always

_ Co fx) —f(y)
g(8) :=Leb ({x,ylgf( 7}/_)( < 6})

e Forall fy s.t. g(8) =0, if
P [k 5 (n/1ogn)/3| Y| =14 0(1)

P[0 Y] =14 0p(1) — Consistent test

e.g. if k3 ~P(A).
e Forall fy s.t. g(8) = V5, idem with k7 ~ P(]).
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Inconsistencies

If fy is constant on [a,b] C (0,1) and if

n(3/(b—a) < k< +/n/lognlY") — 1
then with probability greater than 1/2 (asymptotically)

(Mol Y") < 1/2

[Inconsistency of the testing procedure]
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Comments

» Not satisfying : Cannot be consistent over whole set of
decreasing functions.

Increasing the set of functions by lowering k = leads to poor
power.

» Change of loss function — new test based on

P™d(f,9) < elY]

Choice of € ?
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Moving away (slightly) from the 0-1 loss function for

unseparated hypotheses s saomon

» New loss function

[0 if de,My) <
LT(6,5)—{1 if d(e,Mmg) >t

Equivalent to testing
Ho:d(e,mo) <7T, H Zd(e,mo) >T
» Bayes estimator

- 0 if  7m(d(6,Mp) <TY") >1/2
8" = ) .
1 if otherwise
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Choice of T

@ If prior information on tolerance level T chosen a priori
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@ Calibration by t, smallest s.t. Type | error
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Choice of T

@ If prior information on tolerance level T chosen a priori
@ Calibration by t, smallest s.t. Type | error

sup Polm (d(0,90) < TalY") < 1/2] = 0(1)
SIS

@ Study of p, s.t. (separation rate)

sup Py lm(d(6,Mp) < Tl Y") < 1/2] = 0(1)
0:d(8.99)>pn

[Control of type Il error over p, separated hypotheses]
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Choice of T

@ If prior information on tolerance level T chosen a priori
@ Calibration by t, smallest s.t. Type | error

sup Polm (d(0,90) < TalY") < 1/2] = 0(1)
SIS

@ Study of p, s.t. (separation rate)

sup Py lm(d(6,Mp) < Tl Y") < 1/2] = 0(1)
0:d(8.99)>pn

[Control of type Il error over p, separated hypotheses]
@ In quite a few examples : p, minimax separation rate
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Difficulties : T, chosen asymptotically

@ Difficult analysis in some cases : Not necessarily to
determine 1, . e.g. in the case of testing for monotonicity —
only for simple families of priors
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Difficulties : T, chosen asymptotically

@ Difficult analysis in some cases : Not necessarily to
determine 1, . e.g. in the case of testing for monotonicity —
only for simple families of priors

@ optimal T, = TV, where v, known T arbitrary. Calibration
of 1 for finite n?

@ Can we trust purely asymptotic results to calibrate a
procedure ?

47/ 50



Semi-parametric : 6 = (¥, n)

My =g, Mo #1g

@ Cox hazard :

ho(xlz) = e¥'#n(x), My:p =0

» Saved by BvM

m(va(h—) € AY) ~ Pr(Ng(0,1) € A) = Byjp 2 vy ©/% = o0
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Semi-parametric : 6 = (¥, n)

My =g, Mo #1g

@ Cox hazard :
he(x1z) = " n(x), My :p =0
@ Long memory parameter : My : h=0
Y ~N(0, Ta(f)), fo(x)=(1 —cosx)™M(x), n>0¢cC

» Saved by BvM

m(va(h—P) € AY) ~ Pr(Ng(0,1) € A) = Byjp 2 vy ©/% = o0
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The 2 - samples test

X7 = (Xi X)) P YT = (Yoo Y) Ry
Ho:Fx=Fy=F Hi:Fx+#Fy
» Prior Hy: F~mand H; : Fx, Fy ~mind.

Man(X", Y7

- i 2
By XM mn (Y7’ consistency 7

» Hardly any literature (Bayesian) on 2 - sample test
e Holmes et al. [PolyaT]

e Dunson & Lock [ =~ parametric]

e Chen & Hansen [censored-PolyaT]
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Other ways of getting away from 0-1 loss functions

» distance penaIiZEd l0SSeS Robert & Rousseau, Rousseau GOOANESS Of
. iid
fittest: Y" = (y1,---,¥n), ¥i ~ f

Hy:feFo=1{f0cO®CRY, H:f¢F

L(D,6) = (d(6,90) — €)lg(o.my)>e When 5=0
’ (e —d(0,Mo)) Ng(pm,)<e When & =1

» Bayes test
=1 & E™d(6,M)|Y"] > e

» Calibration of ¢ using a conditional predictive p-value

ply") = J@ Po(T(Y") > T(y™0, y")mo(0)d®
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Other ways

There are many other ways . . .

51/ 50



@ Point null hypothesis : Consistency of BF « consistency of
the posterior under H;
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@ Point null hypothesis : Consistency of BF « consistency of
the posterior under H;

@ Parametric null : more involved . TTy can be more favorable
to fy, than TTp.

@ Nonparametric Null . e.g. o ={f |} — need to be even
more carefull

@ Are BIC or BIC type formula better than BF ?

52/ 5()
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